Covering all triples on n marks by disjoint Steiner systems  by Schreiber, Shmuel
JOURNAL OF COMBINATORIAL THEORY (A) 15, 347-350 (1973) 
Note 
Covering All Triples on n Marks 
by Disjoint Steiner Systems 
SHMUEL SCHREIBER 
Department of Mathematics, Bar-llan University, Ramat-Gan, Israel 
Communicated by the Managing Editors 
Received March 2, 1972 
Let q be a number all whose prime factors divide integers of the form 2” - 1, 
s odd. If  n = q + 2, the (;) triples on n marks can be partitioned into q sets, 
each forming a Steiner triple system. 
1. PRELIMINARIES AND NOTATION 
The terminology will follow closely that of Hall [3, especially 
Section 15.31. For a class of values of n, we shall construct, in Section 2, 
a Steiner triple system S(0) on n marks, these marks consisting of the 
elements of a group G of order q = n - 2 and of two “fixed” marks, 
co1 and co, . This will form the first layer (corresponding to a block in 
the mixed difference procedure described in 13, Section 15.31). Then, 
for every g E G we shall obtain in Section 3 a new layer S(g), by adding g 
to every element of G appearing in a triple of S(0). These Steiner systems 
will have no triple in common and exhaust all (3”) triples among them. 
In what follows, G will denote an additively written abelian group of 
order q, Z(-2,2) will denote the set of positive integers all of whose prime 
factors divide an integer of the form 2c - 1, with c odd; equivalently (and 
for this I am indebted to the referee of a previous version of this article), 
k E Z(-2, 2) if k itself divides an integer 2c - 1, c odd. As all the integers 
of the form 2” - 1 are congruent to 1 (mod 3), (k, 6) = 1. We shall require 
q E Z(-2, 2). (It is noted in [4] that the primes of 2(-2, 2) consist of all 
the primes of the form 8t - 1, and “roughly” l/6 of those of the form 
8t + 1.) 
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T is the automorphism of G given by gr = -2g for every g E G. T 
will permute the elements of G# in qcles. The following has been proved 
in [4]. 
PROPOSITION 1. Every cycle will contain twice an odd number of elements 
if, and only of, ( G / = q E Z(-2,2). Moreover, under this condition, g and 
-g will always be in the same cycle (half a cycle length apart, obviously). 
We shall say that the two (unordered) pairs (a, 6) and (c,d) are congruent, 
if either a + d = b + c or a + c = b + d. As G is of odd order, there 
are (q - I)/2 classes, each containing q congruent pairs. Call the (ordered) 
pair (g, 87) (that is (g, -2g), with g E G#) an arc and the pair (-g, 2g) 
the opposite arc. By Proposition I, each pair of opposite arcs will be on the 
same cycle, half the cycle length (thus, an odd number of steps) apart. We 
need one more result in this connection. 
LEMMA 1. Two pairs forming arcs are congruent if, and only IX they are 
opposite arcs. 
Proof. Since, by hypothesis, (I G /, 3) = I, 3g = 0 implies g = 0 for 
g E G; now (a, -2a) congruent to (b, -2b) gives either 3(a - 6) = 0 or 
3(a + b) = 0. Q.E.D. 
2. CONSTRUCTION OF S(O) 
Part (i). Include every triple (a, b, c) a, b, c E G, such that 
a + b + c = 0; this gives (q - I)(q - 2)/6 triples, and covers all pairs 
of elements of G except for pairs forming arcs (since b = -2a would imply 
c = a). 
Part (ii). In every cycle, choose arbitrarily an element a and form the 
triples (co1 , a, -2a), (az , -2a, 4a), (co1 , 4a, -8a) and so on, attaching 
the pairs of elements of adjacent arcs alternately to co, and 00~ . Since, 
by Proposition 1, cycles are of even length, this will lead eventually to 
the triple (co, , b, a) with a = -2b. Note also that, since a and -a are an 
odd number of steps apart, we shall have included (co2 , -a, 2a). This 
covers all pairs of elements of G not covered by part (i), as well as all the 
pairs ( co1 , g) and (co, , g) with g E G#. 
Part (iii). Include (‘co, , co2 , 0). Thus all pairs are covered exactly 
once, and S(0) is a Steiner Triple System. 
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3. CONSTRUCTION OF S(q) AND CHECK FOR COMMON TRIPLES 
For every g E G#, S(g) will consist of the following triples: 
(9 (a + g, b + g, c + g) if (a, b, 4 E S(O); 
(ii) (~o~,a+g,b+g)if(co,,a,b)~S(O),i= 1,2; 
(iii> (a1 , a,, g>. 
Thus the triple (a, b, c) will appear in S(g) if, and only if, a + b + c = 3g. 
Similarly, (co< , a, b) E S(g) if either a + 2b = 3g or 2u + b = 3g. It is 
readily verified, as above, that each S(g) is a Steiner Triple System, and 
that the total number of triples is indeed q l (*i2)/3 = (g<2). It remains only 
to check that the various layers S(g) have no triples in common. Since 
S( g2) may be obtained from S( g,) by the same operation as S(g, - g,) 
from S(O), it is enough to check S(0) and S(g), g E G#, for common triples. 
First, since (a, b, c) E S(g) o a + b + c = 3g and 3g is not 0 unless g is, 
part (i) of S(0) is disjoint from part (i) of S(g). Suppose next, if possible, 
that (00~ , a, 6) E S(0) n S(g), g E G #; then (a, b) is congruent to some 
(c, d) such that a = c + g, b = d + g and (co, , c, d) E S(0). But from 
Lemma 1 we see that the only pair forming an urc congruent to (a, b) is 
(-a, -b) (in fact, the two pairs in question are (g, -2g) and (2g, -g)) 
and by the construction of S(O), part (ii), this is associated with 00~ . Thus 
parts (ii) of S(0) and S(g) are disjoint. For parts (iii), the check is trivial. 
In summary we have the following. 
PROPOSITION 2. If q divides an integer of the form 2s - 1, s odd, and 
n = q + 2, the set of (LJ triples on n marks may be partitioned into q layers, 
each forming a Steiner triple system on these marks. Given any ubeliun group 
G of order q the partition may be effected so that G will act us a transitive 
and regular permutation group on these layers. 
4. MISCELLANEOUS REMARKS 
4.1. The first few values of n permitting such a construction are n = 9, 
25, 33, 49, 51. Steiner Triple Systems exist for every value of n = 6t + 1 
or 6t + 3, and Berge [l] asks whether a partition of all triples into Steiner 
systems is possible for every such n (take n points in space, no 4 on a plane, 
and form all (g) triangles; can one color them in n - 2 colors so that no 
two triangles of the same color have an edge in common ?). For historical 
backround, see [2]. It would be desirable to have solutions for values not 
covered by Proposition 2, or to be able to show that no solutions exist. 
I have done this for n = 7 by brute force (i.e., exhaustive enumeration). 
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4.2. It would naturally be desirable to have similar procedures for 
other types of Steiner Systems, that is, Block designs and t-designs with 
k > 3 and h = 1. it is perhaps not surprising that for k = 3, A = 2, a 
similar application of the “mixed difference” procedure places much less 
stringent conditions on the group G. In fact, [5], every abelian group of 
order q = 6t + 1 may serve as a regular permutation group for partitioning 
the triples on p1 = 2q + 2 into such designs. 
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